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First-principles elastic constants cij’s of BiFeO3 with cubic nonmagnetic �NM�/ferromagnetic �FM� struc-
tures and rhombohedral antiferromagnetic �AFM� structure have been calculated within the generalized gradi-
ent approximation �GGA� and the GGA+U approach. In addition, the elastic properties of polycrystalline
aggregates including bulk modulus and shear modulus are also determined and compared with experiments. It
is found that the predicted cij’s decrease with increasing volume �or decreasing pressure� except for the c14 of
the rhombohedral AFM phase. The cubic NM and FM phases are predicted to be harder than the rhombohedral
AFM one, indicated by their smaller equilibrium volumes and larger bulk moduli. Additionally, the cubic FM
phase is found nearly isotropy �by GGA and GGA+U with Ueff=6 eV�, and the cubic NM phase is mechanical
unstable at high temperatures. The presently predicted cij’s of BiFeO3 provide helpful guidance for future
measurements, and make the stress estimation and elastic energy calculation in BiFeO3 thin films possible.
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BiFeO3 is the only known material possessing simulta-
neously ferroelectric and magnetic orders at room
temperature.1–4 It is a rhombohedrally distorted ferroelectric
perovskite with space group R3c below the Curie tempera-
ture �TC�1110 K�, and shows G-type canted antiferromag-
netism �AFM� up to Néel temperature �TN�643 K�.5 These
unique multiferroic properties make BiFeO3 attracting great
interest for potential applications in novel magnetoelectric
devices and fuel considerable theoretical and experimental
researches, especially in thin-film cases.6 Despite the abun-
dant research on BiFeO3, relatively little is known regarding
its elastic properties. Only the bulk modulus of the G-type
rhombohedral �Rho� AFM phase �space group R3c� was
measured based on the high-pressure data,7 and the first-
principles elastic constants8 of the undistorted cubic ferro-

magnetic �FM� phase �space group Pm3̄m� were predicted in
terms of the local-density approximation �LDA�.9 Until now
the elastic constants are unknown for the rhombohedral AFM
phase from either experiments or predictions, which inhibits
the fundamental understanding and fabrication of BiFeO3,
for instance, the stress analysis10 and strain energy
estimation11 in epitaxial thin films, and the phase-field simu-
lation including elastic energy.8,12 The dearth of elastic prop-
erties in BiFeO3 therefore motivates the present research.

The present work aims at getting insight into the first-
principles elastic properties of BiFeO3 with undistorted cubic

nonmagnetic �NM� and FM structures �space group Pm3̄m�
and distorted G-type rhombohedral AFM structure �space
group R3c�. The study of cubic NM phase is due to its oc-
currence around 1200 K,13 and is definitely paraelectric or
paramagnetic. To these ends, an effective stress vs strain
method as described in Ref. 14 is employed to calculate the
elastic constants cij’s of BiFeO3 with VASP code15 as the com-
putational engine. The electron-ion interaction is described
via the projector augmented wave method by considering its
accuracy with respect to the all-electron method and its effi-
ciency as compared with ultrasoft pseudopotential method.16

The generalized gradient approximation �GGA�, Ref. 17, in-
stead of LDA is adopted herein to depict the exchange-
correction functional, since GGA predicts more accurate
structural properties of BiFeO3 �see, e.g., Refs. 18 and 19�,

which are of crucial importance in the calculation of elastic
constants. Although Ravindran et al.18 indicated that the
structural and magnetoelectric properties of BiFeO3 can be
depicted well by GGA, ancillary calculations using the
GGA+U approach are also performed for magnetic phases
�cubic FM and rhombohedral AFM� in order to take into
account the strong on-site Coulomb interaction �U� presented
in the localized 3d electrons of Fe, and in turn to describe
well the optical properties �e.g., band gap� and magnetic in-
teraction. It is worth mentioning that the GGA+U �or
LDA+U� method as implemented in VASP introduces mag-
netism, we therefore did not perform GGA+U calculations
for cubic NM phase. In the present work, the GGA+U of
Dudarev et al.20 is used, which depends on the effective Cou-
lomb interaction Ueff=U−J, with J being the screened ex-
change energy. In the first-principles calculations, we employ
a plane-wave energy cutoff of 520 eV and k-point samplings
of 11�11�11 �for rhombohedral AFM phase� and 20
�20�20 �for cubic phases�. The electronic energies are
convergent to at least 0.001 meV/atom, and all force compo-
nents are relaxed to at least 2 meV /Å. The relaxations of
cell shape and ions’ positions are performed by the Gaussian
smearing technique. Note that only the ion’s positions are
relaxed in the calculations of elastic constants for rhombohe-
dral AFM phase. Afterwards, the final total energy and elas-
tic constants are determined on the relaxed structures by us-
ing the tetrahedron method incorporating Blöchl
corrections.21

As an example, Fig. 1 illustrates the GGA-calculated total
energies and magnetic moments of the cubic NM/FM phases
and the rhombohedral AFM phase as a function of volume.
The magnetic moments of the cubic FM phase show increas-
ing trends with increasing volume, while the �site-projected�
magnetic moments of Fe in rhombohedral AFM phase in-
crease slightly and agree with the low-temperature measure-
ment of 3.75�B from neutron diffraction.22 Figure 1 also
shows that the total energy of the rhombohedral AFM phase
is 0.185 and 0.303 eV/atom �by GGA� lower than those of
the cubic FM and NM phases, respectively, indicating the
ground state of BiFeO3 is the rhombohedral AFM phase. The
energy vs volume curves shown in Fig. 1 are the fittings by
the four-parameter Birch-Murnaghan equation of state
�EoS�,23
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E�V� = a + bV−2/3 + cV−4/3 + dV−6/3, �1�
where V is the volume, a, b, c, and d are the fitting param-
eters. The EoS predicted equilibrium properties are given in
Table I, including volume V0, bulk modulus B0, and its pres-
sure derivative B0�. The predicted bulk moduli of rhombohe-
dral AFM phase �89–101GPa, see Table I� agree with the
room-temperature measurement of 75.5�15.5 GPa.7 It is
worth mentioning that we do not consider the influences of
temperature and zero-point vibrational energy, which will, in
general, decrease the bulk modulus. For the rhombohedral
AFM phase, previous predictions of bulk moduli are 130.9
GPa by GGA18 and 130 GPa by LDA,24 which are obviously
larger than the experiment.7 Regarding the V0 of rhombohe-
dral AFM phase, the present prediction ��12.74 Å3 per
atom by GGA� is slightly larger than the measured 12.46 Å3

per atom,5 and it is better than the prediction by LDA
�11.6 Å3 per atom�.2 For cubic phases, the FM order has
lower bulk modulus and larger volume than those of the NM
one due to the influence of magnetism. We also find that the
cubic phases �both FM and NM� are harder than the AFM
phase indicated by the equilibrium volumes �e.g.,
11.49�11.02� Å3/atom vs 12.74 Å3/atom by GGA as shown
in Table I�. Regarding the GGA+U, it predicts the similar
structural properties as by GGA �see Table I�, but the GGA
+U predicts correctly the band gap of the rhombohedral
AFM phase with Ueff=6 eV: i.e., 2.38 eV vs the measured
2.4–2.74 eV.4,25,26 For cubic FM phase, the GGA+U will
predict a metal when Ueff�3 eV, and an insulator when
Ueff�3 eV �see Table I�. We also note that Ueff can, in fact,
be computed in a self-consistent way based on the approach
of Cococcioni and de Gironcoli27 �for example�, and Kornev
et al.3 reported the Ueff=3.8 eV for LDA+U �the Ueff value
should be smaller for GGA+U �Ref. 28��. However, we were
able to make a suitable choice of Ueff based on experimental
data �band gap herein�. Note that there is no magic Ueff
which reproduces everything together �e.g., band gap and
magnetic interaction�. Therefore, the present choices of Ueff
=3 and 6 eV consider �i� the measured band gaps of BiFeO3
and �ii� the commonly used Ueff values �2–6 eV� in previous
first-principles calculations by GGA+U or LDA+U.3,19,29–31

The GGA and GGA+U predict elastic constants cij’s are

shown in Table I for cubic �Pm3̄m� NM and FM, and rhom-
bohedral �R3c� AFM BiFeO3. Wherein the predictions are
mainly based on the strains x= �0.01 �ancillary strains of
�0.007 and �0.013 are also tested, and we found the elastic
errors are less than 1%�, and the following six sets of linearly
independent strain vectors:14

�
x 0 0 0 0 0

0 x 0 0 0 0

0 0 x 0 0 0

0 0 0 x 0 0

0 0 0 0 x 0

0 0 0 0 0 x

� . �2�

Based on the strain vectors in Eq. �2�, the first-principles-
predicted stress vectors, and the general Hooke’s law, the
cij’s are determined �see details in Ref. 14�. As shown in
Table I, with increasing Ueff, c11 �c33� and c44 increase, c12
�c14� decrease, while c13 keeps constant. The GGA �i.e.,
Ueff=0 eV� predicted cij’s are also shown in Fig. 2 as a
function of volume. Except for the c14 of the rhombohedral
AFM phase, all the cij’s decrease with increasing volume �or
decreasing pressure�. Previous LDA predictions of the cubic
FM phase give c11=302 GPa, c12=162 GPa, and c44
=68 GPa,8 which are quite close to the present results at the
lower volume of 10.8 Å3 per atom �see Fig. 2�, since LDA
predicts lower equilibrium volume with respect to GGA. Fig-
ure 2 shows that the cubic NM phase is mechanically un-
stable due to the elastic energy must be positive, i.e., the cij
matrix should satisfy the Born stability criteria.32 When the
volume of cubic NM phase is slightly larger than the equi-
librium one, c11�c12 happens, indicating the NM phase is
unstable at high temperatures. We therefore conclude that the
cubic NM phase cannot represent the cubic paramagnetic
phase occurring at high temperatures ��1200 K�. Instead,
the cubic paramagnetic phase should be represented by a
mixture of different magnetic configurations. Figure 2 also
shows that the rhombohedral AFM phase is mechanically
unstable at larger volumes based on the Born stability
criteria.32 For a rhombohedral structure, they are

c11 − 	c12	 � 0, �3a�
�c11 + c12�c33 − 2c13

2 � 0, �3b�
�c11 − c12�c44 − 2c14

2 � 0. �3c�

According to Eq. �3c�, the AFM phase is predicted �by GGA�
to be elastic instability when its volume greater than
13.35 Å3/atom, due to the decrease in c44 and the increase in
c14. This instability could hint at a ferroelastic phase
transition33 or melting34 achieved at high temperatures or at
negative pressures �such as in thin-film cases�.

Based on the predicted cij’s, the corresponding bulk
modulus and shear modulus can be calculated in terms of
Voigt-Reuss-Hill approach.35 Note that the Voigt, Reuss, and
Hill bulk moduli are identical for any cubic phase. As shown
in Table I, for the rhombohedral AFM phase the obtained
bulk moduli from cij’s are larger than the ones from EoS
fittings by 5–10%, since �i� the energy vs volume points used
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FIG. 1. �Color online� GGA-calculated total energies and mag-
netic moments of Fe �the site-projected values are shown for AFM
phase� for cubic NM/FM and Rho AFM BiFeO3 as a function of
volume. The energy vs volume curves are fitted by the Birch-
Murnaghan EoS as shown in Eq. �1�.
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in the EoS fittings are not in the fully elastic region, unlike
the determinations of cij’s and �ii� all the freedoms of crystal
are allowed to relax, while the cell shape is fixed in the
determination of cij’s. For the cubic phase, the obtained bulk
moduli from EoS fittings and cij’s are close to each other,
except for the Ueff=3 eV for cubic FM case due to the mag-
netic effects: the magnetic moments increase in low-volume
region, but keep almost constant at high-volume region �not
shown�. For both rhombohedral AFM and cubic FM phases,
with increasing Ueff, the bulk moduli and shear moduli in-
crease, while the B /G �bulk modulus/shear modulus� ratios
decrease from �3 to �2, but these B /G ratios are all greater

than the “critical” value of 1.75, indicating the ductile nature
of BiFeO3, since a value of �1.75 separates ductile and
brittle materials according to Pugh criterion.36

Starting from the predicted cij’s, it is found that the aniso-
tropy ratios of cubic FM phase �Ueff=0 and 6 eV� are close
to unity, 1 �see Table I�, based on the definition of A1
=2c44 / �c11−c12�. The isotropy nature of cubic FM phase is
comparable with the known near-isotropy materials of W,
SrTiO3, etc.37 For the rhombohedral AFM phase, its aniso-
tropy ratios are also shown in Table I with the definitions of
A1=2c44 / �c11−c12�=c44 /c66 and A2=4c44 / �c11+c33−2c13�:
the 
100� shear planes between the �011
 and �010
 direc-

TABLE I. Calculated �by GGA, i.e., Ueff=0 eV, and GGA+U� and experimental properties of BiFeO3

with cubic FM/NM and G-type Rho AFM structures, including the equilibrium volume V0 �Å3 /atom�, bulk
modulus B0 �GPa for elastic properties�, and its pressure derivative B0� by EoS of Eq. �1�, single-crystal elastic
constants cij, polycrystal aggregate properties of bulk modulus �B� and shear modulus �G� in Voigt-Reuss-
Hill approaches, the B /G ratio in Hill approach, the anisotropy ratios �A�, and the band gap �eV�.

Property

Ueff �Rho AFM� Ueff �Cubic FM and NMa�

0 3 6 0 3 6

V0 �EoS� 12.74 12.77 12.66 11.49 �11.02� 12.19 12.08

B0 �EoS� 89 96 101 160 �196� 153 163

B0� �EoS� 7.66 7.82 7.66 4.73 �4.71� 3.49 4.25

c11 203 213 222 229 �195� 228 279

c12 117 111 110 123 �191� 128 108

c13 50 49 50

c14 23 19 16

c33 129 139 150

c44 31 39 49 58 �62� 65 79

GV 42 50 56 56 �38� 59 82

GR 25 39 50 56 �4� 58 81

GH 34 45 53 56 �21� 59 82

BV 108 109 113 158 �193� 162 165

BR 96 99 104 158 �193� 162 165

BH 102 104 108 158 �193� 162 165

BH /GH 3.04 2.34 2.03 2.83 �9.15� 2.75 2.02

A1 0.71 0.77 0.88 1.09 �34.87� 1.30 0.92

A2 0.53 0.62 0.72

AG �%� 26.03 11.37 5.76 0.10 �79.79� 0.76 0.07

AB �%� 5.74 4.86 4.14

Band gap 0.95 1.92 2.38 None �0 0.28

Band gap
�Expt.�

2.4b

2.5c

2.74d

V0 �Expt.� 12.46e

B0 �Expt.� 75.5�15.5 f

B0 �Calc.� 130.9g

130h

aResults of cubic NM phase �Ueff=0 eV� are shown
in the parentheses.
bReference 25.
cReference 26.
dReference 4.

eReference 5.
fReference 7.
gFirst-principles prediction by GGA �Ref. 18�.
hFirst-principles prediction by LDA �Ref. 24�.
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tions for A2.38 The AFM phase is obviously anisotropy with
respect to the cubic FM phase. Regarding the elastic aniso-
tropy, Chung and Buessem37 also proposed the general defi-
nitions based on the differences between BV and BR �the
Voigt and Reuss values of bulk moduli, respectively� and
between GV and GR,

AB = �BV − BR�/�BV + BR� �4a�

AG = �GV − GR�/�GV + GR� . �4b�

Equations �4a� and �4b� indicate that the farther the values of
AB and AG from zero, the larger the anisotropy of material.
For isotropy materials AB=AG=0. Note that only AG is avail-
able for cubic phase due to BV=BR in any cubic structure.

Table I shows that the percent values of AB and AG for
BiFeO3, which also depict the isotropy nature of the cubic
FM phase �Ueff=0 and 6 eV�, but the anisotropy nature for
the rhombohedral AFM phase. It is also found that, with
increasing Ueff the anisotropy of the AFM phase decreases,
indicating by the values of A1 and A2 more close to unity, 1,
and the values of AB and AG decreasing. Regarding the elas-
tic properties of cubic NM phase shown in Table I, they are
for reference only since we think the cubic NM phase cannot
represent the observed cubic paramagnetic phase at high
temperatures13 �see discussion above�.

In summary, the elastic properties of BiFeO3 with cubic
NM/FM structures, and rhombohedral G-type AFM structure
�i.e., the distorted cubic structure� have been calculated
within the GGA approach and the ancillary GGA+U ap-
proach, and compared with available measurements/
predictions. It is found that the predicted elastic constants
cij’s decrease with increasing volume �or decreasing pres-
sure� except for the c14 of the rhombohedral AFM phase. The
cubic NM/FM phases are harder than the rhombohedral
AFM phase, represented by the smaller equilibrium volumes
and larger bulk moduli of cubic phases. The cubic FM phase
is found nearly isotropy by GGA and GGA+U with Ueff
=6 eV. The cubic NM phase is found mechanically unstable
at high temperatures, and therefore cannot represent the ob-
served cubic paramagnetic phase.
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FIG. 2. �Color online� GGA-calculated elastic constants cij’s for
cubic NM �open symbols with solid lines�, cubic FM �open symbols
with dashed lines�, and G-type rhombohedral �Rho� AFM �filled
symbols with solid lines� phases of BiFeO3 as a function of volume.
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